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Abstract
As one fundamental problem in materials science research, thermal transport across grain boundaries is critical to many
energy-related applications. Due to the complexity of grain boundaries, the current understanding on how a grain boundary
interacts with heat carriers is still in its infancy. This review summarizes the current progresses of this important topic, with
its further extension to general interfaces. One focus is on major modeling and simulation techniques to predict the thermal
resistance of a grain boundary. The corresponding thermal measurements of individual grain boundaries and grain-boundary
thermal engineering are also discussed. A better understanding of the grain-boundary phonon transport is critical to many
energy-related applications, where the concerned thermal transport within a polycrystalline material can be largely
suppressed by grain boundaries.
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1. Introduction
Bulk and thin-film materials with nano- to micro-grains are
widely used in various research fields. Applications include
thermoelectric materials for power generation and
refrigeration,[1-4] thermal insulation,[5] structural materials,[6]
thin-film solar cells,[7] and electronic devices.[8,9] In these
materials, a high volumetric density of grain boundaries (GBs)
can be found as the interface between crystalline regions as
single grains. With a high volumetric density of GBs, phonon
transport within these materials is strongly suppressed by the
GB transmission or reflection of incident phonons, leading to
an interfacial thermal resistance 𝑅𝐾 known as the Kapitza
resistance.[10,11] The reduction of the lattice thermal
conductivity (𝑘𝐿 ) by GBs has been acknowledged for a long
term and has been exploited to improve thermal insulation and
thermoelectric materials.[1-3] In other cases, efforts are also
dedicated to reducing 𝑅𝐾 for GBs and general interfaces to
facilitate heat spreading in electronic devices.[12] As input
parameters for general phonon transport analysis, bulk phonon
mean free paths (MFPs) of important materials can be
accurately determined by either first-principles calculations or
measurements.[13,14] However, 𝑅𝐾 predictions for interfaces
such as GBs are still difficult because 𝑅𝐾 is largely affected by
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the exact atomic structure of a real GB, which is a less ordered
layer of a finite thickness. In this review, major advancements
of GB studies are summarized for both fundamental phonon
transport studies and thermal modeling of polycrystalline
materials. Some future research directions are discussed on
how to better engineer the GB phonon transport.
2. Atomic structure of GBs – twist and tilt GBs
In 1912, Rosenhain and Ewen first proposed the microscopic
structure of GBs before the exact atomic structure was
observed with an electron microscope. In their speculation, the
interstitial space between misoriented grains is filled with
uncrystallized atoms as “amorphous cement.”[15] In contrast,
an ordered boundary model was proposed by Hargreaves and
Hill, in which all atoms at a GB were hypothesized to be
associated with the crystal on one side of the interface, i.e., no
randomly added atoms. For now, it is understood that neither
of these two models can accurately describe a GB. A more
accurate description was given by Read and Shockley who
recognized that the misorientations at a GB can be
accommodated by dislocations.[16] The density of these
dislocations can be predicted by Frank’s formula.[17]
For thermal transport, one important feature for the GB
atomic structure is the misorientation between two adjacent
grains. For symmetrical GBs consisting of regularly spaced
edge dislocations, Klemens suggested that the scattering rate
by a GB was inversely proportional to the square of the GB
misfit angle.[18] In general, GBs can be categorized according
to extent of misorientation between two grains as low- and
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high-angle GBs. Low-angle GBs have a misorientation less
than about 15 degrees. They consist of a set of dislocations
with their properties being a function of the misorientation.
High-angle GBs are characterized by misorientation greater
than about 15 degrees. Properties of high-angle GBs are often
assumed to be independent of the misorientation though some
recent measurements do not support this when the strain field
at the GB can largely impact the phonon transport.[19 20]
GBs can be further classified as tilt or twist boundaries. A
tilt boundary is where the rotation axis is parallel to the
boundary plane (Fig. 1a). This boundary can be formed from
a single, contiguous crystallite or grain which is gradually bent
by an external force. The increase in energy related to the
elastic bending of the lattice can be reduced by inserting
dislocations. As the grain is bent further, increasing number of
dislocations are introduced to accommodate the deformation,
resulting in a low-angle boundary. The grain can now be
considered to have split into two sub-grains of notably
different orientations.
Another GB type is a twist boundary, where the
misorientation occurs around an axis that is perpendicular to
the boundary plane (Fig. 1b). These concepts of tilt and twist
boundaries represent somewhat idealized cases. The majority
of boundaries are of a mixed type, containing dislocations of
different types and Burgers vectors, in order to create the best
fit between the neighboring grains. Fig. 1c displays the

Fig. 1 Illustration of a typical (a) tilt GB and (b) twist GB. (c)
High-angle annular dark-field TEM (left) and bright-field-TEM
(right) images of a Si GB. The insets show a close-up of the
respective GB atomic structures where two same color Si atoms
(blue or yellow) share a bond on the same (110) plane, while two
Si atoms with different colors share a bond on two consecutive
(220) planes. (Reprinted with the permission from [21],
Copyright 2020 American Institute of Physics). (d) TEM image
of a twin boundary. (Reprinted with the Permission from [22],
Copyright 2017 Elsevier B.V.)
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high-resolution transmission electron microscopy (TEM)
images for a typical GB. As a special case, a twin boundary is
shown in Fig. 1d, as a highly symmetrical interface.
3. 𝑹𝑲 of GBs and general interfaces — Analytical models,
atomistic simulations, and machine learning predictions
In 1936, the existence of an interfacial thermal resistance 𝑅𝐾
was first found between liquid helium and a solid, in which an
interfacial temperature jump 𝛥𝑇 occurred under an interface
heat flux 𝑞” .[11] Here 𝛥𝑇 and 𝑞” were later related by a
proportional constant 𝑅𝐾 , i.e., 𝛥𝑇 = 𝑅𝐾 𝑞”. The reciprocal of
𝑅𝐾 is the interfacial thermal conductance. Within the
Landauer formalism, 𝑅𝐾 is determined by the phonon
properties of both materials and the phonon transmissivity 𝜏12
from Material 1 to Material 2.[11, 23] Assuming an isotropic 𝜏12 ,
simple analysis gives 𝑅𝐾 = 4/𝐶1 𝑣1 𝜏12 , in which 𝐶1 and 𝑣1 are
the phonon specific heat and averaged phonon group velocity
of Material 1, respectively.[23] Approximating 𝐶 ~ 106 J/m3∙K,
𝜏12 ~ 0.1–1, and 𝑣 ~103 m/s, then the estimated 𝑅𝐾 ~ 1–
10×10-9 m2∙K/W is consistent with the data for nearly perfect
interfaces.[24] For general GBs with more interfacial defects,
the transmissivity 𝜏12 , denoted as 𝜏𝐺𝐵 for GBs, is reduced and
𝑅𝐾 becomes larger.
Although 𝐶 and 𝑣 can be easily determined from the
phonon dispersion, 𝑅𝐾 based on the Landauer formalism is
still difficult to be predicted due to the challenge in accurately
computing 𝜏12 , particularly when the 𝜏12 dependence on
phonon angular frequency 𝜔 is considered. In practice, two
major models are employed to compute 𝜏 across an ideal
interface, namely the acoustic mismatch (AM) model and the
diffuse mismatch (DM) model. These two models are briefly
introduced below, with a focus on their restrictions for GBs.
A more detailed review is given by Monachon et al.[25] and
Swartz et al.[11]
First, the AM model considers perfectly smooth interfaces
so that specular and elastic phonon scattering (Fig. 2a) occurs
on an interface.[26-28] The predicted 𝜏 depends on the incident
angle 𝜃 , the sound velocity 𝑐 and mass density 𝜌 of both
materials. For normal incidence, the transmissivity is 𝜏12 =
4𝑍1 𝑍2 /(𝑍1 + 𝑍2 )2 , in which 𝑍 = 𝜌𝑐 is the acoustic
impedance. The 𝜏12 dependence on the phonon angular
frequency 𝜔 is not considered here but is shown in modified
AM models.[29,30] In reality, the “smooth interface” condition
for the AM model is only satisfied when the phonon
wavelength is much longer than the interface roughness. This
is the case only below 10 K, when low-frequency phonons
with long wavelengths become dominant for heat transfer.[11]
For a GB with the same material on both sides, the dilemma
lies in that 100% phonon transmissivity 𝜏𝐺𝐵 is expected due to
no acoustic mismatch, which is clearly not reasonable.
For rough interfaces, Swartz and Pohl developed the DM
model to compute the phonon transmissivity.[31] It assumes
diffusive and elastic phonon scattering on an interface (Fig.
2b). Phonons are assumed to lose their memory for which side
they come from. In this case, 𝜏12 is determined by the phonon
ES Mater. Manuf., 2021, 14, 36-50 | 37
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Fig. 2 (a) Specular scattering in the AM model. (b) Diffuse scattering assumed in the DM model. (c) Real interface simulated by MD
simulation or AGF analysis.

group velocity and phonon density of states (DOS) within both
Particular attention was also paid to how a GB interacted
materials.[11,32,33] The frequency-dependent transmissivity from with phonons. In the early work by Klemens in 1994,[52] the
Material 1 to Material 2 is given as
phonon velocity was assumed to be reduced within this less
∑𝑝 𝑣𝑔,𝑝,2 (𝜔)𝐷𝑝,2 (𝜔)
compacted interfacial layer, leading to a GB phonon
𝜏12 (𝜔) = ∑
,
(1)
reflectivity scaling with 𝜔2 at low frequencies and saturating
𝑝 𝑣𝑔,𝑝,1 (𝜔)𝐷𝑝,1 (𝜔)+∑𝑝 𝑣𝑔,𝑝,2 (𝜔)𝐷𝑝,2 (𝜔)
where 𝑣𝑔 is the phonon group velocity, 𝐷 is the phonon DOS, above a critical frequency. In some theories, the GB phonon
the subscript 𝑝 indicates the phonon branch, and 𝜔 is the scattering is dominated by GB dislocations whose scattering
phonon angular frequency. Assuming the Debye model with a rates should be added to other scattering mechanisms inside a
grain to compute the lattice thermal conductivity.[20,53-55]
constant 𝑣𝑔 ≡ 𝑣𝑝 for branch 𝑝, Eq. (1) is simplified as
Considering phonon diffraction by dislocations, the phonon
∑𝑝 𝑣 −2
𝜏12 = ∑ −2 𝑝,2 −2 .
(2) scattering rates were derived analytically.[18,20,56,57] The
𝑝 𝑣𝑝,2 +∑𝑝 𝑣𝑝,1
dislocation-phonon interaction was also studied based on a
For a GB, a constant 𝜏𝐺𝐵 =50% is predicted for all phonons due fully quantized dislocation field, called a “dislon”.[58] Some
to structure symmetry.[34] In contrast, energy dependence of calculations also revealed the importance of the interfacial
𝜏𝐺𝐵 is recognized in numerous molecular dynamics (MD) strain field.[20,57-59]
simulations.[35-37] Other calculations can also be found for the
As more advanced techniques, MD simulations[35-37,60] and
[38-43]
atomistic Green’s function (AGF) method.
In data AGF analysis[38-43] can provide more insights into the
analysis, a simple expression of 𝜏𝐺𝐵 (𝑝, 𝜔) has been proposed interfacial phonon transport. The disordered interface layer
for a GB:[44]
can be incorporated into such simulations though an
1
(𝑝,
𝜏𝐺𝐵 𝜔) = 𝛾𝜔 ,
(3) oversimplified interfacial atomic structure is still used in most
+1
𝜔𝑚𝑎𝑥
studies. The AGF analysis assumes elastic interfacial phonon
where 𝜔𝑚𝑎𝑥 is the maximum phonon frequency and the scattering and the phonon dynamic equation is solved under
constant 𝛾 is treated as one fitting parameter. The frequency the harmonic approximation. Computationally, the AGF
dependence of 𝜏𝐺𝐵 in Eq. (3) is simply missing in the DM analysis is much more effective than MD simulations that
model.
track the phonon wave-packet reflection or transmission by an
In physics, both the AM and DM models view an interface interface to yield 𝜏𝐺𝐵 for different branches, incident angles,
as a plane to join two materials and only use the bulk and frequencies. However, these approaches are very
properties of both materials to compute 𝜏12 . However, a real complicated and can only be performed for very limited GBs,
interface is typically a layer region with disorder, roughness, which cannot largely benefit the data analysis of real
dislocations, and often atom intermixing (Fig. 2c).[45] The polycrystalline materials with billions of different GBs. In
“real” interface properties were considered in modified addition, these theoretical predictions can hardly be validated
versions of the DM and AM models.[46-48] Despite such experimentally due to the challenges in preparing, measuring,
improvements, other important factors are still not included in and characterizing an interface in a systematic and highly
the AM and DM models, such as the crystal misorientations reproducible manner.
and interfacial strains.[19,20,49] For instance, a twin GB (Fig. 1d),
Despite the limitation for atomistic simulations, some
with symmetric atomic structures on both sides of a GB, is general trends can still be identified for GBs. In the literature,
known to possess a much lower 𝑅𝐾 than any types of GBs with the earliest MD simulation on a GB was carried out by Maiti
different crystal orientations,[22,50,51] which cannot be explained et al. for polycrystalline Si.[61] The 𝑅𝐾 at a GB was extracted
with AM or DM models. Such twin GBs are often associated based on the simulated interfacial temperature drop and
with solid-state phase transformations.
applied heat flow. At 575 K, the averaged 𝜏𝐺𝐵 was 0.65 and
38 | ES Mater. Manuf., 2021, 14, 36-50
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0.57 for the Σ = 5 and the Σ = 13 boundaries, respectively.
Such 𝜏𝐺𝐵 values were comparable to 𝜏𝐺𝐵 =0.5 for a GB, as
predicted by Eq. (2). Li et al.[62] computed the thermal
conductance across silicon GBs with AGF analysis. They
found that defective GBs significantly reduced the thermal
transport. For a GB with dangling bonds, the thermal
conductance was found to be diminished by more than 3-fold
compared to case of pure silicon (Fig. 3a). For tilt GBs in
SrTiO3, both acoustic and optical phonons were evaluated for
their suppression by a GB.[37] Although optical modes had a
relatively lower transmissivity than acoustic phonons, they
contributed to 50−60% of the thermal conductance across a
GB. Beyond three-dimensional (3D) materials, the physics for
phonon transport has also been revealed for GBs in twodimensional (2D) materials. Lu et al.[63] studied the thermal
conductance of GBs in graphene and found graphene GBs to
exhibit a very high thermal conductance. The dependence of
thermal conductance on the misorientation angle was found to
be weak, with symmetric tilt zigzag GBs showing the best
thermal conductance. Bagri et al.[50] studied the thermal
transport across twin GBs in polycrystalline graphene from
non-equilibrium MD simulations (Fig. 3b). They found the
thermal conductance of twin GBs to be in the range of 1.5 ×
1010 W/m2∙K to 4.5 × 1010 W/m2∙K, significantly higher than
any other thermoelectric interfaces reported in literature.
Khalkhali et al.[64] investigated the thermal transport across
GBs in polycrystalline silicene and found the average Kapitza
conductance to be nearly 2.56 × 109 W/m2∙K and 2.46 × 109
W/m2∙K by utilizing the Tersoff and Stillinger Weber
interatomic potentials, respectively. Strains were found to
result in further changes in interfacial thermal conductance.
Finally, it was found that by tuning the grain size of
polycrystalline silicene, its thermal conductivity could be
modulated up to one order of magnitude.[64] Sandonas et al.[65]
studied the phonon transport properties of linear and curved
graphene GBs under the influence of structural and dynamical
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disorder. To do this, density functional tight-binding (DFTB)
method is combined with the AGF technique. The results show
that curved GBs have a lower thermal conductance than linear
GBs. The magnitude of thermal conductance depends on the
length of the curvature and out-of-plane structural distortions
at the boundary. In more recent studies, the phonondislocation scattering was also studied with MD simulations[6668] to be compared with existing theoretical models.[18,20,56,57]
One MD simulation revealed that only phonons of a certain
frequency range would be scattered by dislocations,[66] in
contrast with a suppressed phonon MFP across the entire
phonon frequency range.
In some analytical models, an interface is treated as a
medium with its own properties and thickness, known as the
virtual crystal assumption.[47] Following this concept, more
attention should be paid to the interfacial phonon modes.
Recently, the interfacial modes of phonons are found by MD
simulations, caused by the atomic level disorder close to the
interface.[69-71] The peaks in interfacial modes spectrum are
broaden compared to those in bulk spectrum.[69] In other words,
the interfacial modes could take diffusive scatterings, which
contribute to the interface resistance and nonlinear
temperature profile close to interface.
In recent years, machine learning models have been
proposed as an effective way to predict interfacial 𝑅𝐾 , using
available computational and experimental data for the training
dataset.[72-75] In this aspect, one obstacle is to find a robust and
physically intuitive structure descriptor to describe different
GBs or more general interfaces. In MD simulations, the GB
excess volume, as a measure of non-optimum packing of
interfacial atoms, was found to be strongly correlated with
𝑅𝐾 .[76] Without other atomic information, however, this GB
excess volume alone may not distinguish two GBs with
possibly very different 𝑅𝐾 values. Keeping this in mind, the
GB excess volume cannot be an accurate descriptor for
machine learning models. Rosenbrock et al.[77,78] used the

Fig. 3 (a) Interface thermal conductance across Si GBs as a function of the number of dangling bonds. (Reprinted with the permission
from [62], Copyright 2019 Frontiers Media S.A.) (b) Dependence of Kapitza conductance in graphene on grain orientation angle.
(Reprinted with the permission from [58], Copyright 2011 American Chemical Society)
© Engineered Science Publisher LLC 2021
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smooth overlap of atomic positions (SOAP) descriptor and
identified a set of representative local atomic environments
(LAEs) as building blocks to construct a GB. Following this,
Fujii et al.[74] found small distortions to LAEs can be critical to
the thermal conductivity. They demonstrated that the local
distortion factor can correlate well with the predictions by MD
simulations on MgO GBs. More studies should be carried out
for better representative descriptors in the future.

of grains joined by GBs with an interfacial thermal resistance
𝑅𝐾 . For grains with an intragranular lattice thermal
conductivity 𝑘𝐺 and size 𝑑, an effective medium formulation
(EMF) suggests[83]
𝑘
𝑘𝐿 = 1+𝑅 𝑘𝐺 /2𝑑,
(5)
𝐾 𝐺

which can be further expanded as integration over phonon
angular frequency and summation over different phonon
branches. Assuming elastic and diffusive GB phonon
scattering, the spectral 𝑅𝐾,𝑝 (𝜔) can be obtained by extending
4. Analytical models for 𝒌𝑳 predictions of polycrystalline
the expression derived under the gray-medium
materials
approximation[84,85]
4.1 A brief review of existing analytical models
4
𝑅𝐾,𝑝 (𝜔) =
,
(6)
For general nanostructures, the lattice thermal conductivity
𝜏𝐺𝐵 (𝑝,𝜔)𝑐𝑝 (𝜔)𝑣𝑔,𝑝 (𝜔)
(𝑘𝐿 ) is reduced due to decreased phonon MFPs. Here 𝑘𝐿 is
where 𝜏𝐺𝐵 (𝑝, 𝜔) is the phonon transmissivity across a GB.
computed by the kinetic relationship:
Other 𝑅𝐾 expressions can also be found when phonon hopping
1
𝜔
𝑘𝐿 = ∑𝑝 ∫0 𝑚𝑎𝑥,𝑝 𝑐𝑝 (𝜔)𝑣𝑔,𝑝 (𝜔)Λ 𝑒𝑓𝑓,𝑝 (𝜔)𝑑𝜔,
(4) is considered.[86] The frequency-dependent form of Eq. (5) is
3
where 𝜔 is the angular frequency of phonons, 𝑐𝑝 (𝜔) is the simply[83,87,88]
𝑘𝐺,𝑝 (𝜔)
𝜔
differential volumetric phonon specific heat, and 𝑣𝑔,𝑝 (𝜔) is
𝑘𝐿 = ∑𝑝 ∫0 𝑚𝑎𝑥,𝑝 2Λ𝑒𝑓𝑓,𝑝(𝜔) 𝑑𝜔,
(7)
1+
the phonon group velocity. The subscript 𝑝 indicates the
3𝜏𝐺𝐵 (𝑝,𝜔)𝑑
phonon branch and usually only three acoustic branches are in which 𝑘 (𝜔) = 𝑐 (𝜔)𝑣 (𝜔)Λ
𝐺,𝑝
𝑝
𝑔,𝑝
𝑒𝑓𝑓,𝑝 (𝜔)/3 is the spectral
considered. The effective phonon MFP is modified from the
lattice thermal conductivity of each grain. Equation (7) can
bulk phonon MFP Λ 𝑏𝑢𝑙𝑘 by the characteristic length Λ 𝑏𝑑𝑦 of
further include the probability 𝑃𝐺𝐵 for specular GB phonon
the nanostructure.
Here the Matthiessen’s rule gives transmission, which becomes critical at cryogenic
−1
Λ 𝑒𝑓𝑓,𝑝 (𝜔) = [1/Λ 𝑏𝑢𝑙𝑘,𝑝 (𝜔) + 1/Λ 𝑏𝑑𝑦 ] . In early studies, temperatures.[87] Existing EMF for polycrystalline structures
Eq. (4) is used to compute the lattice thermal conductivity of are summarized in Table 1 but Eq. (7) is the only one validated
polycrystalline materials and Λ 𝑏𝑑𝑦 is simply the grain size 𝑑 with phonon MC simulations for the exact 3D structures (Fig.
when completely diffusive phonon scattering is assumed for 4). More complicated cases such as a nanoparticle composite
GBs.[34,79-81] This Λ 𝑏𝑑𝑦 = 𝑑 treatment is based on the Casmir are modelled by Palla and Giordano.[89] In addition, 𝑘𝐺 instead
limit proposed for the boundary scattering of phonons within of the bulk lattice thermal conductivity 𝑘𝐵𝑢𝑙𝑘 should be used
small structures.[82] In principle, the computed 𝑘𝐿 only in all the models to include the phonon size effects within
represents the thermal conductivity of a single grain, instead small grains.[50,90]

Fig. 4 Computed room-temperature 𝑘𝐿 values of selected polycrystals: (a) undoped and heavily doped silicon, (b) undoped PbTe.
Three theoretical predictions are bundled together for either frequency-dependent or frequency-independent cases: kinetic relation
in Eq. (1) (dashed lines), EMF (solid lines), phonon MC simulations (symbols). For frequency-independent analysis, 〈Λ〉 is marked
on bundled curves, while Λ(𝜔) indicates frequency-dependent cases. (Reprinted with the permission from [83], Copyright 2012
American Institute of Physics)
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Table 1. Existing EMF for polycrystalline materials. In earlier
models, a sharp GB with zero thickness is assumed. Badry and
Ahmed[91] further considered a GB as a thin layer with its
𝑙 𝑑𝑥
thickness 𝑙 and conduction thermal resistance 𝑅𝐾 = ∫0
,
(𝑥)
𝑘𝐺𝐵

with 𝑘𝐺𝐵 as the local thermal conductivity within the GB layer.
𝑘𝐿 expression

Article
Yang[5,92]

𝑘𝐺
1+𝑅𝐾 𝑘𝐺 /𝑑

(derived for one-dimensional or

1D heat conduction)
Nan and

Birringer[93]

Dong et

1+𝑅𝐾 𝑘𝐺 /2𝑑

al.[94]

Badry and Ahmed[91]

〈Λ〉

3

𝑘𝐿 =

3𝑑

(〈Λ〉 ≪ 𝑑)

1/4
2𝑘𝐵𝑢𝑙𝑘 3𝑑 𝑘𝐵𝑢𝑙𝑘 2
[
(
)
]
{ 3 〈Λ〉 2𝑘0

(9)
(〈Λ〉 ≥ 𝑑)

where 𝑘𝐵𝑢𝑙𝑘 is the lattice thermal conductivity without the GB
influence, 𝑘0 is the lattice thermal conductivity without alloy
scattering that corresponds to 〈Λ〉. Equation (9) employs the
fact that GB tends to scatter long-MFP phonon and alloy
scattering mainly affects short-MFP phonon.

𝑘𝐺
1+2𝑅𝐾 𝑘𝐺 /𝑑
𝑘𝐺

Hao[83]

2

𝑘𝐵𝑢𝑙𝑘 − 𝑘0 √

𝑘𝐵𝑢𝑙𝑘 /(1+Λ𝑏𝑢𝑙𝑘 /𝑑 0.75 )
1+𝑅𝐾 [𝑘𝐵𝑢𝑙𝑘 /(1+Λ𝑏𝑢𝑙𝑘 /𝑑 0.75 )]/𝑑
𝑑+𝑙
𝑑/𝑘𝐺 +𝑅𝐾

4.2 Grain size averaging
In many polycrystalline materials, a wide grain size
distribution is found and there exist questions for the effective
grain size 𝑑𝑒𝑓𝑓 to be used in the modeling. The logarithmic
normal distribution is often employed to describe the grainsize distribution function 𝑓(𝛼) , giving the percentage of
grains with size 𝛼 and 𝑑𝛼 accuracy:[101]
1

𝑙𝑛(𝛼/𝑑𝑎𝑣𝑔 )

2

(10)
Other than EMF, simplified models can also be found for
√2𝛿
polycrystalline materials. Approximating the grained structure in which 𝑑
𝑎𝑣𝑔 is the mean grain diameter, 𝛿 is the standard
as a superlattice nanowire,[85] the characteristic length Λ 𝑏𝑑𝑦 of
∞
deviation, and ∫0 𝑓(𝛼)𝑑𝛼 = 1 . Compared with the actual
a polycrystalline material is modified from the grain size 𝑑
grain size distribution generated by the Voronoi diagram from
by[44]
−1
scanning electron microscopy (SEM) images[95] or detailed
Λ𝑏𝑑𝑦
3 𝜏𝐺𝐵 −1
−1
= [(4 1−𝜏 ) + 1.12 ] ,
(8) TEM studies,[102] 𝑓(𝛼) in Eq. (10) may have a large divergence
𝑑
𝐺𝐵
and more accurate 𝑓(𝛼) is required for reliable thermal
which diverges from that given by ray tracing simulations by analysis. Fig. 5 shows the TEM image and actual grain size
~30%.[95] However, both the ray tracing simulations and Eq. (8)
distribution of nanostructured bulk bismuth antimony telluride
still assume ballistic phonon transport within grains, i.e., no alloys, which requires more complicated 𝑓(𝛼) to describe.[102]
internal phonon scattering within a grain. When the derived
With 𝑓(𝛼) given, the averaged grain size can be
Λ 𝑏𝑑𝑦 is employed to modify Λ 𝑏𝑢𝑙𝑘 using the Matthiessen’s
determined by
∞
rule, some errors are often anticipated because GB phonon
∫0 𝛼 2 𝑓(𝛼)𝑑𝛼
1
=
.
(11)
∞
scattering is a surface process and internal phonon scattering
𝑑𝑒𝑓𝑓
∫0 𝛼 3 𝑓(𝛼)𝑑𝛼
[23,96]
is a volumetric process.
In this case, direct comparisons Here the distribution function 𝑓(𝛼) describes the percentage
between predicted 𝑘𝐿 by the analytical model and phonon MC of grains at size 𝛼, with 𝑑𝛼 accuracy. Equation (11) is derived
simulations for varied phonon MFP distributions and grain by matching the volumetric interface area of a polycrystalline
sizes are critical, which is addressed in the validation of Eq. material with that for an ideal polycrystal with a uniform cubic
(7).[83,87,88]
grain size 𝑑𝑒𝑓𝑓 . It has been shown that the volumetric interface
In practice, Λ 𝑏𝑑𝑦 = 𝛼𝑑 (0 < 𝛼 < 1 ) can be assumed to
area is the key parameter for the thermal conductivity
incorporate 𝑅𝐾 into Eq. (4) and 𝛼 = 0.63 was fitted for the reduction in nanostructured materials.[103-106] Equation (11) is
experimental data on polycrystalline Bi2Te3.[97] To better fit 𝑘𝐿 different from the averaged 𝑑
𝑒𝑓𝑓 according to the averaged
of nanocrystalline Si down to ~30 K or below, Λ 𝑏𝑑𝑦 ~𝛼𝑑/𝜔
[44]
grain volume:
∞
in Eq. (4) is found to be accurate to include the energy𝑑𝑒𝑓𝑓 3 = ∫0 𝛼 3𝑓(𝛼)𝑑𝛼.
(12)
dependent GB phonon transmissivity and specularity, the
In practice, the two ways to compute 𝑑𝑒𝑓𝑓 do not give big
latter of which becomes critical at cryogenic temperatures.[44]
Different from single crystals with a 𝑘𝐿 ~𝑇 3 trend at low divergence but Eq. (11) is more accurate in principle.
temperatures, 𝑘𝐿 ~𝑇 2 is often observed for polycrystalline Particular attention should also be paid to the thermally
materials[44,98,99] and can be explained with Λ 𝑏𝑑𝑦 ~𝛼𝑑/𝜔 . anisotropic polycrystals with more volumetric GB surface area
Despite its simplicity, this frequency-dependent effective perpendicular to certain driections to block the heat flow. In
𝑘𝐿 can be estimated with
Λ 𝑏𝑑𝑦 is in contrast with the widely used frequency- this situation, the direction-averaged
𝑑𝑒𝑓𝑓 given by Eq. (11).[103]
independent Λ 𝑏𝑑𝑦 , which should be considered in the thermal
design of a polycrystalline material.[81]
4.3 Thermal anisotropy within each grain
Other than above models, some crude models can also be
For some materials such as Bi2Te3, their layered lattice
found to estimate the grain-size dependent 𝑘𝐿 . Here Takashiri
structures lead to strongly anisotropic phonon transport within
et al. proposed a simple expression:[100]
both single crystals and grains.[107] In estimation, the in-plane
𝑓(𝛼) = 𝛼𝛿√2𝜋 𝑒𝑥𝑝 {− [
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Fig. 5 (a) High-resolution TEM images of smaller grains, and (b) particle size distribution histogram for the nanograined bulk material
with the inset zooming in on the distribution of small size particles less than 200 nm. (Reprinted with the permission from [102],
Copyright 2009 American Chemical Society)

thermal conductivity 𝑘𝐿,∥ of single-crystal Bi2Te3 is larger than
its cross-plane lattice thermal conductivity 𝑘𝐿,⊥ by a factor of
2.1 at 300 K.[108] It is thus important to average the lattice
thermal conductivity for varied crystal orientations within
different grains to find the effective 𝑘𝐿 along a given direction
for a polycrystalline sample. When all grains are completely
randomized for the crystal orientations and 𝑅𝐾 is negligible,
the direction-averaged lattice thermal conductivity 〈𝑘𝐿 〉 is
given by a “correlational approximation,” as proposed by
Mityushov and Adamesku:[109]
〈𝑘𝐿 〉
𝑘𝑐ℎ𝑎𝑟

1

2

2 (𝑟−1)2

= 3 𝑟 2/3 + [3 − 9

𝑟+2

] 𝑟 −1/3,

(13)
1/3

with 𝑟 = 〈𝑘𝐿,⊥ 〉 /〈𝑘𝐿,∥ 〉 , 𝑘𝑐ℎ𝑎𝑟 = (〈𝑘𝐿,⊥ 〉〈𝑘𝐿,∥ 〉2 ) . Yang et
al.[110] compared different models for the directional average
of 𝑘𝐿 . It should be noted that Eq. (13) does not consider the
critical 𝑅𝐾 and classical phonon size effects within each grain.
One simple solution is to use Eq. (7) to compute the 𝑘𝐿 values
corresponding to 𝑘𝐿,∥ and 𝑘𝐿,⊥ . These two 𝑘𝐿 values can then
be averaged with Eq. (13). More complicated EMF for
nanograined materials with GB 𝑅𝐾 and anisotropic grains can
be found elsewhere.[111]
In more complicated analysis, the orientation factor 𝐹
should be incorporated to consider the distribution of the grain
orientations.[112-116] The orientation factor 𝐹 equals to 0 when
grains are completely randomized for the crystal orientation;
𝐹 equals to 1 when the grains are highly oriented. For hotpressed samples, the layered atomic structure of each grain
tends to be aligned along the direction that is perpendicular to
the applied pressure. In this case, the direction average of 𝑘𝐿
must incorporate the impact of the orientation factor 𝐹.
4.4 Grains with embedded nanostructures
Λ 𝑚,𝑝 (𝜔) =

42 | ES Mater. Manuf., 2021, 14, 36-50

For thermoelectrics and other applications, hierarchical
structures are often employed to suppress the lattice thermal
conductivity across the whole phonon spectrum, ranging from
alloy atoms as point defects to nano- and micro-structures as
volumetric or interfacial defects.[3,117-120] Here the scattering
−1
rate for point defects follow Rayleigh scattering, i.e., 𝜏𝑃𝐷
~𝜔4.
For dislocations as line defects, the dislocation core has
−1
−1
𝜏𝐷𝐶
~𝜔3 and the strain field has 𝜏𝐷𝑆
~𝜔 .[81,121] In modeling, an
array of dislocations at an interfaces can be equally treated as
a sum of individual dislocations within each grain.[55] Attention
should also be given to Λ 𝑏𝑑𝑦 ~𝛼𝑑/𝜔 proposed by Wang et
al.[44] after the impact of the frequency-dependent phonon
transmissivity and specularity is incorporated into Λ 𝑏𝑑𝑦 . As a
more accurate model, Eq. (7) should be used when an accurate
𝜏𝐺𝐵 (𝑝, 𝜔) is available. At cryogenic temperatures, specular
GB phonon scattering also becomes important and the
modified version of Eq. (7) should be used.[87]
In typical nanostructured bulk materials, nanoparticles
may be embedded within nano- to micro-grains. Such
nanoparticles can be dispersed nanoparticles or
nanoprecipitates. Depending on the size and interface
conditions of these nanoparticles, the scattering rate may
interpolate between the long and short wavelength regimes,
−1
e.g., from 𝜏𝑁𝑃
~𝜔0 for geometrical scattering limits to
−1
𝜏𝑁𝑃 ~𝜔4 for Rayleigh scattering.[122-124] Some optimization of
the grain size distribution can thus be carried out to minimize
the lattice thermal conductivity.[125] When the particle-host
interface is rough and diffusive phonon scattering is dominant,
the treatment of nanoparticles can be simplified as that for a
GB. As a simple approach, Λ 𝑏𝑢𝑙𝑘,𝑝 (𝜔) used in Eq. (7) should
be replaced with an effective Λ 𝑚,𝑝 (𝜔) for a bulk material with
embedded nanoparticles but not GBs, given as[88,106, 126]

𝑘𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑝 (𝜔)(1+2𝛼)+2𝑘ℎ,𝑝 (𝜔)+2𝜑[𝑘𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑝 (𝜔)(1−𝛼)−𝑘ℎ,𝑝 (𝜔)]
𝑘𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑝 (𝜔)(1+2𝛼)+2𝑘ℎ,𝑝 (𝜔)−𝜑[𝑘𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑝 (𝜔)(1−𝛼)−𝑘ℎ,𝑝 (𝜔)]

Λ ℎ,𝑝 (𝜔),

(14)
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where ℎ indicates the host material, 𝜑 is the volumetric
fraction of embedded nanoparticles. When the embedded
nanoparticles are replaced with nanopores, the lattice thermal
conductivity of a particle, 𝑘𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑝 (𝜔) , is simply zero in
Eq.(14). Denote 𝑅𝐾,𝑝 (𝜔) as the spectral interfacial thermal
resistance between a particle and the host and 𝑑0 as the
particle size. The dimensionless parameter 𝛼 is
𝛼=

𝑅𝐾,𝑝 (𝜔)𝑘ℎ,𝑝 (𝜔)
𝑑0 /2

.

(15)

To incorporate classical phonon size effects with embedded
nanostructures in a host material, 𝑘𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑝 (𝜔) and 𝑘ℎ,𝑝 (𝜔)
should be both modified with the characteristic length that is
𝑑0 for 𝑘𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑝 (𝜔). For 𝑘ℎ,𝑝 (𝜔), this characteristic length
should be the radiative mean beam length (MBL):[127,128]
4𝑉𝐻𝑜𝑠𝑡

𝑀𝐵𝐿 = 𝑆

𝑃𝑎𝑟𝑡𝑖𝑐𝑙𝑒

,

(16)

where the 𝑉𝐻𝑜𝑠𝑡 is volume for the host material and 𝑆𝑃𝑎𝑟𝑡𝑖𝑐𝑙𝑒
is the surface area of embedded nanoparticles. This MBL can
be evaluated for one period of a nanocomposites and 𝑉𝐻𝑜𝑠𝑡 is
the volume after subtracting the nanoparticle volume. For
nanoporous materials, other characteristic lengths proposed
for phonons scattered by nanostructures like nanopores within
a host can be found elsewhere.[105,106,129-132] This analytical
model is validated by simulating a structure with eight Si
nanoparticles uniformly distributed within equal-sized cubic
Ge grains (Fig. 6).[88] Good agreement is found between
phonon MC simulations (symbols) and theoretical modeling
(lines).
5. Thermal measurements and thermal engineering of GBs
Although thermal transport within polycrystalline thin films
and bulk materials have been widely studied over the years,
the current understanding of phonon transport across a single

GB is still very limited. Less information can be provided by
the measured thermal conductivities for a sample with billions
of different GBs with varied interfacial defects and crystal
orientations. On the other hand, challenges lie in measuring a
single GB within a 3D bulk material. Experimentally, 𝑅𝐾 of
nonmetal-nonmetal interfaces are either directly measured for
the interface between a thin film and its grown substrate,[24,133135] or extracted from analyzing the measured cross-plane 𝑘 of
a multilayered thin film.[136] For fundamental studies, the
impact of interfacial defects and other factors can be examined
and the measured 𝑅𝐾 can be directly compared with model
predictions or between different interfaces.[135] These thin
films, formed by epitaxy/hetero-epitaxy growth or deposition,
may have quite different interface properties from those in a
nanostructured bulk material that is often synthesized by hot
pressing nanoparticles into the bulk form.[1,79,80,137] Therefore,
the developed 𝑅𝐾 modeling may not be applicable to general
nanostructured materials synthesized by different techniques.
To better understand GBs formed by hot pressing nanopowder
into a bulk material, wafer-wafer bonding has been used to
represent a twist GB with relative rotation between identical
crystals on the two sides of a GB.[138,139] Thermal
measurements for such a 1D interface was used to gain
insights into the phonon transport across a single GB. One
major problem for such thermally bonded interface is that the
interface quality may not be maintained across a large wafer,
where separation or fracture can be found at the interface. To
address this problem, Xu et al. used super-flexible thin films
hot pressed onto a wafer to represent a twist GB.[19] The
obtained high-quality interfaces can provide more reliable 𝑅𝐾
values for thermal studies. Figs. 7a and 7b display the crosssectional and plane-view TEM images of a GB with a 3.4°
twist angle, respectively. In Fig. 7a, an “amorphous” 3-nm-

Fig. 6 (a) Computational domain of the simulated periodic structure, showing eight adjacent 1/8 grains. The grain boundaries are
three perpendicular planes. Each grain has eight embedded nanoparticles. (b) Comparison between the EMF (lines) and phonon MC
simulations (symbols) for nanograined bulk Ge within eight equal-sized Si nanoparticles within each grain. Representative grain
size 𝑑 and particle size 𝑑0 are considered here for room-temperature calculations. Here the period for the nanoparticle array is simply
𝑑/2. (Reprinted with the permission from [88], Copyright 2018 American Institute of Physics)
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Fig. 7 (a) Cross-sectional TEM images of a 70-nm-thick Si film bonded onto a Si substrate by hot press, with a twist angle of 3.4°
after 1173 K anneal. The GB region is enclosed by dashed lines, with the thickness indicated. (b) Plane-view TEM image for the GB.
(Reprinted with the permission from [19], Copyright 2018 Elsevier B.V.)

thick interface layer is found. Instead of an amorphous layer,
more careful examination in Fig. 7b shows a dislocation
network across the GB. More discussions on the GB
structures can be found elsewhere.[140,141]
Figure 8 summarizes the twist-angle-dependent thermal
resistance of measured interfaces. Particular attention should
be paid to the strong correlation between 𝑅𝐾 and the strain part
γstrain of the total GB energy 𝛾𝐺𝐵 = 𝛾𝑠𝑡𝑟𝑎𝑖𝑛 + 𝛾𝑐𝑜𝑟𝑒 . Here the
core energy γcore is associated with broken bonds across an
interface. These two parts for 𝛾GB can be modeled by the
extended Read-Shockley model proposed by Wolf,[142] which
was based on the well-known Read-Shockley model.[16]
Different from the observation here, MD simulations[36,143,144]
often suggest that 𝑅K is correlated with the 𝛾GB and a larger
𝛾GB leads to a higher 𝑅K . The experimental results here instead
suggest the importance of interfacial strain fields in
suppressing the phonon transport, which is alignment with
some calculations.[145] The importance of γstrain for 𝑅K is
recently recognized for interfaces between 2D materials.[146,147]
For heterojunctions formed under the hot press, the
interdiffusion between two dissimilar materials can further
form an alloy interface that can largely increase the 𝑅K .[148]
Despite decades of thermal studies on polycrystalline
samples, few experimental studies can be found to reveal the
𝑅K of a single GB. In an early study, in-situ TEM was used to
measure 𝑅K between two micron α-Al2O3 fillers inside an
epoxy resin, using a thermocouple tip for temperature
measurements and an electron beam as a movable heating
source.[150] For graphene grown by chemical vapor deposition
(CVD), the GB 𝑅K was determined from the difference
between the thermal resistances of supported graphene with
and without a GB.[151] However, this simple subtraction to
obtain 𝑅K is still based on the Fourier’s law and may not be
valid when detailed phonon transport and the exact
44 | ES Mater. Manuf., 2021, 14, 36-50

Fig. 8 Experimental data of the GB energy (γGB ) and thermal
boundary resistance (RK ) of Si twist GBs. Open circles (left axis)
are data from Otsuki[149]. Blue squares (right axis) are data from
this study for samples after annealing. The lines are associated
with the left axis and show the extended Read-Shockley model
for GB energies, where the core energy (γcore ) and the strain
energy (γstrain ) sum to give γGB . (Reprinted with the permission
from [19], Copyright 2018 Elsevier B.V.)

temperature distribution near a GB is considered.[23] Using
spatially resolved time-domain thermoreflectance (TDTR)
measurements in combination with electron backscatter
diffraction (EBSD), Sood et al. finds the local thermal
conductivity can be reduced from ∼1000 W/m∙K at the center
of large grains to ∼400 W/m∙K in the immediate vicinity of
columnar GBs within boron-doped polycrystalline diamond
(Fig. 9).[152] Due to the spatial resolution, such measurements
are still restricted to large grain size that is ∼25 μm for the
studied samples. The data analysis for a film with ∼530 μm
© Engineered Science Publisher LLC 2021
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Fig. 9 Spatially resolved thermal conductivity measurements near individual GBs. Reprinted from Ref. [152]. Copyright 2018
American Chemical Society.

thickness and columnar grains can also be simplified as 1D
thermal transport along the in-plane direction. When 3D
micro-grains are measured, the film should be reduced to a
single layer of grains and suspended to avoid any heat leakage
into the substrate, which will add more challenges to the
measurements.
Combined with thermal studies on bulk materials, there
exists a continuous effort in tailoring the GB thermal transport
to benefit certain applications.[153] In the materials design, the
nonequilibrium Green’s function and machine learning
algorithm can be combined to optimize the mass distribution
of the interlayer, giving the maximum and minimum 𝑅K
values.[154] To manipulate the 𝑅K of general interfaces,
numerous studies suggest the impact of interfacial
roughness,[38,155-157] nanostructure modification,[158-160] isotopephonon scattering,[161] and transition layers at an interface.[162,
163] For thermoelectrics, a high electrical conductivity but a low
thermal conductivity is preferred, leading to a high
thermoelectric figure of merit (ZT). Here ZT is defined as
𝑍𝑇 = 𝑆 2𝜎𝑇/𝑘 , where 𝑆 , 𝜎 , 𝑘 , and 𝑇 represent Seebeck
coefficient, electrical conductivity, thermal conductivity, and
absolute temperature, respectively.[164] Adding an interfacial
layer is thus attempted to improve the thermoelectric
performance of a bulk material if this interface does not
negatively affect the electron transport. In this aspect, Ji et al.
proposed GB engineering by hydrothermal coating of micro
Bi2Te3 power with alkali-metal(s)-containing materials before
hot press, leading to an interface layer to block the thermal
transport.[165] A ~30% ZT enhancement was observed for Natreated samples. Even without special coating, TEM studies[102]
for high-ZT BiSbTe nanostructured bulk alloys[3] also showed
a 4-nm-thick bismuth-rich interface layer at GBs (Figs. 10a
and b). When dopants are added beyond the solid solubility of
the grains, they may also be accumulated at the GB to form an
interface layer.[166] In the study by Kim et al.,[118] dense
dislocation arrays were formed at low-energy GBs during
liquid-phase compaction in Bi0.5Sb1.5Te3 (Figs. 10c and d),
which was suggested to effectively scatter midfrequency
phonons and thus lower the 𝑘𝐿 .[118] However, the ZT~1.86
© Engineered Science Publisher LLC 2021

reported by Kim et al.[118] was not reproducible in the studies
by Jo et al.[167] and Deng et al.[168] The contrast was attributed
to the ZT overestimate with thermal and electrical properties
measured along different directions for an anisotropic
sample.[168] Along the direction perpendicular to the hot press
direction, the minimum 𝑘𝐿 =0.65 W/m∙K was measured by
Deng et al.[168] and was almost twice as large as that reported
by Kim et al.[118] For PbTe, dislocations were found to be
effective for ZT enhancement, where a ZT=2.2 was
achieved.[169] More research is thus required to better
understand these materials. In other studies, wrapping micrograins with graphene led to a ZT=1.5 in n-type YbyCo4Sb12,
where the GB thermal resistance can be increased by a factor
of 3 to 5, with a minor impact on the electron transport.[170]
Along this line, InSb nano-phase with a typical size of 5–15
nm was dispersed at GBs with grain sizes of 100–200 nm to
achieve a ZT of 1.5 at 800 K for nanostructured
InxCeyCo4Sb12+z.[171] Similarly, ZT of 1.4 at 875 K in CoSb3based nanocomposites was also obtained using Yb2O3
nanoprecipitates and CNTs to modify the GBs.[172]
6. Summary and perspective
With its complexity, interfacial thermal transport is still not
well understood even after decades of research. Due to the
challenge in measuring individual 3D GBs within a material,
the computed 𝑅𝐾 can hardly be compared with real
measurements and available 𝑅𝐾 data are often for a planar
interface within grown thin films. Such planar interfaces have
less defects and can differ greatly from the non-planar and
more complicated GBs within hot-pressed bulk materials or
CVD polycrystalline thin films. In this aspect, the defects
associated with the synthesis conditions are not addressed.
Some recent MD simulations attempted to mimic the hot-press
process to obtain more accurate interfacial atomic structures
for the following phonon simulations.[41] Unrestricted to
thermal transport, MD simulations on the formation of GBs
are widely available for the patterns of interfacial
nanostructures.[173,174] These atomic structures should be
correlated with the actual interfacial atomic structure, as
ES Mater. Manuf., 2021, 14, 36-50 | 45
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Fig. 10 (a) TEM and (b) high-resolution TEM image of a bismuth-rich interface region between two grains in the nanograined bulk
material. The dotted circles indicate the regions from where energy-dispersive X-ray spectroscopy (EDS) spectra were measured
(with the compositions for each region given in atomic percentage). Reprinted from Ref. [102]. Copyright 2009 American Chemical
Society. (c) Dislocation arrays formed during the liquid-phase compaction process. The Te liquid (red) between the Bi 0.5Sb1.5Te3
grains flows out during the compacting process and facilitates the formation of dislocation arrays embedded in low-energy GBs. (d)
TEM image of a Te-MS material. Figures (c) and (d) are reprinted from Ref. [118]. Copyright 2015 The American Association for
the Advancement of Science.

revealed with electron microscopy. For relatively simple
materials systems, the phonon scattering by dislocations have
recently been studied with MD simulations to compare with
theoretical models.[66] More studies should be further carried
out in this direction, with an emphasis on the synthesisstructure-property relationships.
For engineering applications, there exist enormous
research opportunities in controlling the interfacial nano- and
atomic structure and thus adjusting the 𝑅𝐾 . Beyond GBs, the
heat dissipation within GaN-based power electronics is largely
hindered by the large interfacial thermal resistance between
the GaN film and the substrate.[175] Cooling techniques applied
to the substrate side are thus less effective for heat removal,

46 | ES Mater. Manuf., 2021, 14, 36-50

e.g., using an ultra-high-thermal-conductivity diamond
substrate or adding cooling channeling within a substrate.[175178] Along this line, some interfacial improvement on the
phonon transport can be achieved by optimizing the interfacial
nanostructure.[157,160,179-183] On the other side, a deposited
diamond film as a heat spreader on top of the device is also
less useful when nanoscale columnar grains are found.[152]
New growth conditions to maximize the crystallization must
be addressed to reach the full potential of diamond for thermal
transport. GB migration during the synthesis[184] should be
better understood in this case.
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