ES Mater. Manuf., 2021, 14, 20-35

Fig

ES Materials and Manufacturing
DOI: https://dx.doi.org/10.30919/esmm5f451

Machine Learning Regression Guided Thermoelectric Materials
Discovery – A Review
Guangshuai Han,1,# Yixuan Sun,2,# Yining Feng,1 Guang Lin2, 3,* and Na Lu1, 3,*

Abstract
Thermoelectric materials have increasingly been given attention recently due to their potential of being a solid-state solution
in converting heat energy to electricity. Good performing thermoelectric materials are expected to have high electrical
conductivity and low thermal conductivity which are usually positively correlated. This poses a challenge in finding suitable
candidates. Designing thermoelectric materials often requires evaluating material properties in an iterative manner, which is
experimentally and computationally expensive. Machine learning has been regarded as a promising tool to facilitate material
design thanks to its fast inference time. In this paper, we summarize recent progress and present the entire workflow in
machine learning applications to thermoelectric material discovery, with an emphasis on machine learning regression models
and their evaluation.
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1. Introduction
Due to the increasing demand for clean and renewable energy,
discovering high-performance thermoelectric (TE) materials
has received considerable critical attention.[1,2] The TE effect
enabled the generation of versatile electric energy from
ubiquitous heat energy. To maximize the TE effect, the TE
materials are desired to have high Seebeck and high electrical
conductivity but low thermal conductivity, which is quite
challenging since these two properties are usually positively
correlated.[3-5] TE properties are complex transport properties,
which are hard to be determined both from experimental
measurement and theoretical calculation.[6-8] To address the
current bottleneck of the TE technology, uncover new TE
materials with desired performance is urgently needed. Thanks
to the everlasting contribution from the TE community,
tremendous in-depth research with fruitful research data
makes the data-driven approach achievable.[9,10] The
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emergence of artificial intelligence (AI) methods shed new
light on the further usage of these resources. The combination
of big data and machine learning algorithms could maximally
explore the potential of the existing research data and enhance
the discovery of the new TE materials.[11] These data-driven
methods enable high TE performance materials discovery with
high efficiency and low experimental cost.
The data-driven methods and machine learning have been
widely employed in materials science for predicting the
mechanical properties and responses, material screening, and
facilitating design.[12,13] Nonetheless, the number of studies of
machine learning methods specifically focused on TE
materials is limited. In a survey of machine learning
approaches for TE material research,[14] the authors
summarized machine learning techniques used in the existing
studies, which included several both supervised and
unsupervised learning models and a Bayesian optimization
framework. Also, available databases that could be used for
developing machine learning models and model input feature
representation were discussed in the work. However, the
means to generate usable data and evaluating and comparing
trained models are missing. In this work, we present the entire
workflow to TE material discovery using machine learning
with a focus on regression models. Furthermore, we discuss
the evaluation metrics for regression models and present
readers with suitable scenarios for the metrics. To the best of
our knowledge, this is the first comprehensive survey
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Fig. 1 The logistic structure of machine learning guided TE materials discovery. This machine learning guided TE materials
discovery is described as a lopped investigation process. Start from the blue area, the TE database is generated by a continuous
contribution from the TE community employing experiments and theoretical calculation. The data generation is described in
section 2. The red area denotes the model training which is how to develop the machine learning based TE materials discovery
tools by learning from the TE database. The input descriptors, machine learning technique, and model evaluation are discussed
separately in sections 3 to 5. The yellow area expresses the guidance from the TE materials discovery tools. The newly
discovered materials can be further utilized as new data to improve the performance of the TE materials discovery tools, which
build a cyclic structure.
to machine learning regression aided TE material discovery,
which includes data generation, material descriptor selection,
machine learning regression models, and model evaluation.
Fig. 1 shows the logistic structure of this review paper. The
machine learning for TE materials discovery is presented as a
looped procedure. Start from section 2, we firstly go through
the TE data generation from the existing research. Later, the
model training is elaborated by three sections. The commonly
used descriptors with their importance are illustrated in section
3. The descriptors selection and treatment are firstly
summarized. Different types of machine learning techniques
in TE materials with the machine learning model evaluation
methods are narrated respectively in section 4 and section 5.
© Engineered Science Publisher LLC 2021

Lastly, the functionality of the machine learning based TE
materials discovery tool is summarized in the last section. The
valuable data from the materials discovery tool could be
cyclically contributing to the data generation as the new
resources. Further work is also suggested at the end of the
review paper.
2. Data Generation
2.1 Experimental characterization
Machine learning requires preexisting knowledge (database)
for models to learn from. For the machine learning guided TE
materials discovery, the materials database should be labeled
with the desired TE properties. The TE property is dominated
ES Mater. Manuf., 2021, 14, 20-35 | 21

ES Materials & Manufacturing

Review article

by three combinatorial materials properties, which are
Seebeck coefficient, electrical conductivity, and thermal
conductivity. The quality of TE materials is normally
evaluated by a dimensionless figure of merit zT, which is
defined as following[1]
𝑧𝑇 =

𝑆2𝜎
𝑘𝑇

𝑇

(1)

where S is the Seebeck coefficient, 𝜎 is the electrical
conductivity, 𝑘 𝑇 is the total thermal conductivity, T is the
temperature. The thermal conductivity 𝑘 𝑇 is the sum of the
electronic contribution 𝑘𝑒 and lattice contribution 𝑘𝑙 . Since
these three combinatorial parameters are affected by each
other, the biggest challenge for the development of TE
materials is to optimize these three parameters. Accordingly,
these three combinatorial parameters are the most popular
labels for the TE machine learning model. As the phonon and
electron transport controls the TE materials performance, the
band structure, bandgap, and phonon dispersion are
considered as preferable labels as well.[15,16]
The development of a machine-learning-based material
discovery tool relies on a large volume of data, from which the
learning process can result in reliable relations in the input and
output pairs. The most common way for obtaining these TErelevant data for different materials is experimental
characterization. The collection of the materials' TE-related
experimental results from different research groups are
valuable resources for developing machine learning based TE
materials discovery. The UCSB database is one of the most
comprehensive TE materials databases.[17] The UCSB database
contains the TE relevant properties at several temperatures for
over 1000 different compounds by abstracting information
from over 100 publications. By combining with appropriate
visualization tools as shown in Fig. 2(a), the UCSB database
can provide researchers an efficient approach to develop new
TE materials. From the material design point of view, this
database can offer constructive suggestions, such as all highzT materials are found in the metallic conduction region 0.001
Ω 𝑐𝑚 to 0.01 Ω 𝑐𝑚. The potential of the UCSB database was
further exploited by the machine learning technique.
Furmanchuk et al.[18] developed a machine learning model to
predict the Seebeck coefficient at four different temperatures
of synthesized materials by utilizing the UCSB database. A
high prediction accuracy with the r-square round from 0.74 to
0.84 was obtained when predicting the Seebeck coefficient of
materials with different chemical compositions.
Doping is a well-known strategy to improve the materials'
TE properties.[19-22] Wang et al.[23] adopted a machine learning
technique to optimize the Cu content in Cu-doped
Bi2 Te2.85 Se0.15 . The experimentally measured zT with
varying Cu content is used as the label for the machine
learning artificial neural network (ANN). The obtained model
with a correlation coefficient of 0.99 indicates excellent
accuracy. However, over-fitting was observed during the zT
prediction due to the limited sample size. It is concluded that
a sufficient amount of data is required for the present research.
22 | ES Mater. Manuf., 2021, 14, 20-35

Hou et al. adopt the machine-learning-based framework to
find the optimal Al/Si ratio in Al2 Fe3 Si3 for TE applications
by using the workflow presented in Fig. 2(c).[24] The initial
machine learning model was obtained by serval
Al23.5+x Fe36.5 Si40−x composition. The experimentally
measured power factor for the un-synthesized materials
predicted by the machine learning model served as additional
data to improve the machine learning model. The optimal
Al/Si ratio was obtained after the repeat iteration (as shown in
Fig. 2(c)). The materials with optimal ratio increase the power
factor by about 40 %. Machine learning techniques have also
been used to identify the optimal the optimal internal strain for
TE materials. Saaki et al., used the machine learning technique
(as shown in Fig. 2(d)) to find the relation between XRD (Xray diffraction) and the materials’ Seebeck coefficient. The
trained model suggests that the optimal strains of 3-4 % and 12 % along the a- and c-axis, can significantly improve the
Seebeck coefficient.[25] In summary, the TE properties from
experimental characterization are an important data source for
the machine learning process. The developed machine
learning model is a powerful tool for the stoichiometry and
nanostructure optimization for TE materials.
2.2 Theoretical calculation
In addition to the TE data from experimental characterization,
atomic-scale materials first principle calculation is another
way to attain materials’ TE properties. Compare to the
database from the experimental characterization, the
computational results have the merit of standardization, which
means the TE results would not suffer from the influence of
the equipment, human, and measuring error. Based on the
Boltzmann transport equation, the electronic thermal
conductivity, lattice thermal conductivity, electrical
conductivity, and Seebeck coefficient can be obtained from the
computational results.[26,27]
Even though the first principle calculation equation can
provide accurate and reliable TE data, this approach is
dramatic computationally expensive.[28] Therefore, it is hard to
use the first principal calculation to satisfy the large-dataamount-requirement for machine learning. This dilemma has
been addressed by the development of the high-throughput
first principle calculation.[29] On high-throughput first
principle, the computational cost can be dramatically reduced
with slightly sacrificed accuracy.[30-32] The results from the
high-throughput first principle calculation can be saved in
large materials databases for further utilization, such as fast
materials screening, machine learning.[33] By adopting highthroughput first principle calculation, Ricci et al. present the
largest computational database of transport properties of
around 48000 materials.[34] Fig. 2(b) shows the overview of the
dataset. The TE-relevant properties, such as electronic
conductivity, electronic thermal conductivity, and Seebeck
coefficient are calculated from materials’ band structure by
using Boltzmann transport theory. The data is saved on the
Materials Project website. The database also covered the
© Engineered Science Publisher LLC 2021
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Fig. 2 (a) Screenshot of the web-based visualization tool for the UCSB dataset. (Reprinted with permission from Ref.[17], Copyright
2013, American Chemical Society) (b) the TE dataset provided by Ref [34]. The color represents the power factor and the point size
is used for band gap. (c) Framework for the design of 𝐴𝑙23.5+𝑥 𝐹𝑒36.5 𝑆𝑖40−𝑥 toward an optimized power factor (PF). (Reprinted with
permission from Ref [24]) (d) Diagram showing the use of XRD data to design TE materials via machine learning. The prediction
model is first trained using the experimental XRD patterns and measured Seebeck coefficient. The trained model is then used to
screen the XRD candidates containing random combinations of internal stress and grain size. The optimal structures with the best
Seebeck coefficient are finally selected. (Reprinted with permission from Ref.[25], Copyright 2020, American Chemical Society).
© Engineered Science Publisher LLC 2021
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materials’ transport properties at various fixed doping carrier
concentrations, Fermi level energies, and temperatures. These
computation results have been proved to have a fair agreement
with the experimentally measured maximum Seebeck
coefficient by further investigation.[35] This trustworthy and
abundant database is a valuable resource for machine learning
based TE materials discovery techniques. The publicly
available JARVIS-DFT database contains TE performance
data of 900 two-dimensional materials and 36000 threedimensional from high-throughput density functional theory
(DFT) calculations.[36] In addition to the electronic thermal
conductivity, electrical conductivity, Seebeck coefficient, the
JARVIS-DFT further the lattice thermal conductivity. This
data was further used to develop the machine learning
classification model to pre-screen materials with good TE
properties. The accuracy of the classification model was
evaluated by the area under the curve (AUC) of the receiver
operating characteristics curves. The lowest AUC of 0.8 and
the highest AUC of 0.96 were reported for predicting materials
Seebeck coefficient and Power factor 0.001, which denotes an
adequate accuracy for pre-screen TE materials.
3. Descriptors
3.1 Critical role of material descriptors
By means of experimental characterization and theoretical
calculation, numerous materials have been discovered and
studied. Accordingly, the obtained data, which has been
proved as a valuable resource for machine learning of
materials properties, increase rapidly with time. Finding
meaningful parameters to represent materials' unique physical
and chemical properties, is one of the most essential steps for
machine learning of materials properties. These parameters
are termed descriptors and constitute the input for the machine
learning process. A straightforward example of materialrelated descriptors is the table row and column of the periodic
table.[37] The elements' uniqueness, such as the atomic number,
number of electrons, and numbers of valence electrons, can be
well categorized by the table row and column. Moreover,
tracing back to the period when some of the elements have not
been discovered, their physical and chemical properties can be
magically predicted by this two-dimensional descriptor.
However, it is more complicated to find suitable descriptors
for materials with diverse atomic structures. Finding suitable
descriptor generation methods for different materials has been
continually studied with growing interest.[38-40] Herein, we
summarized the most recognized requirements of good
descriptors for materials:
•
•
•

Unique: the descriptors should uniquely characterize the
materials which are representing.
Continuous: the amount of materials' property differences
need to be reflected by the descriptors in the same level.
Computationally reasonable: the determination of the
descriptors should require less computational or
experimental cost than the determination of the desired

24 | ES Mater. Manuf., 2021, 14, 20-35

•

materials' properties, and preferably, no additional
computational or experimental effort is needed.
Effective: the descriptors should comprehensively
represent the physical and chemical characteristics with
the lowest dimensionality.

3.2 Descriptors for TE importance
The study of TE properties is a multidisciplinary topic.[41] The
performance of TE materials is always controlled by the lattice
vibrations, carrier transport, electronic orbitals, spin properties,
etc.[41] Based on this, Wang et al. listed the relevant descriptors
for TE properties.[42] The density-of-states effective mass,
charge-carrier mobility, and Pauling electronegativity are
commonly used descriptors for TE materials. Many other
materials properties, such as lattice thermal conductivity,
electron-phonon interaction, have also been proved to have an
extensive effect on thermoelectricity. The complex
interrelation of TE-related materials properties signifies that it
is hard but unavoidable to properly select the descriptors for
machine learning based TE materials discovery.
Although the above-mentioned descriptors are strongly
related to the TE properties, such as electrical conductivity,
thermal conductivity, and Seebeck coefficient, some of the
descriptors cannot be directly used as input for machine
learning. Most of the listed descriptors are not originally
available and the determination of these descriptors is
experimentally and computationally expensive. These
descriptors should be further represented by more elementary
descriptors, which are categorized into chemical descriptors
and structural descriptors. Stoichiometry optimization is
always the goal of using machine learning to discover good
TE materials. The chemical descriptors contain the chemical
composition information of the material and are further
enriched by the atomic and macro properties of the elements
within the material. Since this information of elements has
been well studied and available in a tremendous publicly
available database, these elementary descriptors perfectly
meet the above-mentioned requirements for good descriptors.
Bassman et al. utilized the atomic properties: electronegativity,
first ionization potential, and atomic radius as the descriptors
to build the machine learning regression model to predict the
layered materials' bandgap and TE properties.[43] The
regression model displays a high accuracy for predicting the
materials' TE properties. The element's position in the periodic
table has also been used to build the machine-learning engine
for TE materials discovery.[44] In addition to the location of
elements in the periodic table and atomic properties of
elements, Furmanchuk et. al further included the
experimentally measured macro properties of pure elements,
such as thermal conductivity, electric conductivity, and density,
to build the machine learning model to predict the materials'
Seebeck coefficient at a different temperature.[40] The obtained
regression has a correlation coefficient as high as 0.91. This
study further analyzed the top descriptors contributing to the
Seebeck coefficient prediction. The experimentally measured
© Engineered Science Publisher LLC 2021
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pure elements' thermal conductivity shows the top
contributions since the thermal conductivity of pure elements
provides indirect information on the electronic transport
properties of the compound. As for the atomic properties of
elements, the electron affinity, atomic number, and
electronegativity make a great contribution to the Seebeck
coefficient prediction.
The structural descriptors represent how the elements
within the materials are arranged in the space. Although the
chemical descriptors have been successfully applied for
various tasks of machine learning materials discovery, the
structural information also strongly affects the
thermoelectricity of materials and shouldn't be ignored.
Choudhary et al. developed classical force-field-inspired
descriptors (CFID) which combined the chemical descriptors
and structural descriptors for machine learning usage.[45] The
structural descriptors, such as radial distribution function,
nearest-neighbor distribution, and angle and dihedral
distribution show almost equal importance for accurately the
materials Seebeck coefficient and power factor.[36] The total
importance of the chemical descriptors is lower than which of
the structural descriptors. This results also in contrast with the
importance distribution for the machine learning formation
energy prediction model, where the chemical descriptors
display better importance than the structural descriptors. Thus,
both chemical descriptors and structural descriptors should be
utilized when developing the machine learning model for TE
materials discovery.
3.3 Descriptor treatment
The entire descriptors for each material used within a machine
learning model training task should be transferred into a
feature vector/matrix with the same dimension.[21] Normally,
the descriptors should be organized based on a standard way.
For instance, the feature vector adopted by Bassman et al.
order the descriptors based on the layered structure of the
materials with 𝐴𝐵2 format (e.g. MoSe2 , WTe2 , MoS2 ). The
number of atoms within one single molecular is the same.[43]
Thus, the dimension of the organized feature is the same. A
similar approach has been applied for the materials with the
same AB2 C format to generate the feature vector.[44] However,
for most circumstances, dimension control is still a challenge
since different materials contain different amounts and types
of atoms within one molecular. Several methods have been
proposed and applied to feature engineering for the machine
learning of TE materials. The statistical approach is one of the
effective ways to address this challenge. Using the statistical
model, such as sum, maximum, and mean absolute deviation
from mean will result in the ultimately organized feature
vector have the same dimension.[21] The statistics-based
feature vector shows excellent performance when predicting
the Seebeck coefficient of materials. The structural descriptors
are normally in the format of a matrix, such as the Coulomb
matrix, Ewald sum matrix, etc.[39] For the matrix descriptors, a
common way to achieve a standard size of geometries with
© Engineered Science Publisher LLC 2021
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different amounts of atoms is by introducing zero-padding.
The maximum size of matrices will be pre-determined based
on the materials involved in one machine learning model
training task.[40] Then, the extra space will be set to zero. With
these approaches, the materials information can be
transformed into feature vectors/matrices which are suitable
for machine learning usage.
4. Machine Learning Applications in Thermoelectric
Materials
The rapid development of data-driven/machine learning
methods has enabled learning complex functions from data in
material science. Different from the first principle-based
methods, data-driven methods do not require physical models
or complex system solvers, and thus have the potential of
performing fast prediction and learning unknown physics
from the data. In the field of TE materials, most machine
learning applications are on selecting or engineering proper
descriptors, predicting the property of interest from various
descriptors without imposing physical models, and facilitating
discovering material with desired properties. In this section,
we organize the applications of machine learning methods for
TE materials into feature learning and regression. Among the
machine learning regression models, we further categorize the
current work into classic statistical learning and deep learning,
and then point out the advantages and disadvantages of those
methods and summarize the future work.
4.1 Feature learning
To sufficiently and accurately predict material properties, it is
important to choose the right descriptors containing
satisfactory information for the corresponding properties.
While there is a tremendous number of descriptors to choose
to account for the materials' nature, it is not obvious how to
select the right ones. Besides, machine learning methods, in
general, require a much greater number of instances than the
number of attributes/descriptors to prevent overfitting, so that
they can generalize well on the new unseen data. To address
this problem, work has been done on either selecting the
informative descriptors out of the candidate pool or
transforming the descriptors to another set of features with
lower dimensions, meanwhile, preserving the original
information. These two approaches are feature selection and
feature engineering, respectively. Data-driven feature
selection and engineering do not require domain knowledge
with which one can take out or combine descriptors based on
their expertise. Instead, feature selection and engineering can
be performed in a supervised or unsupervised manner. The
current common methods on data-driven feature selection and
engineering for TE materials are Pearson correlation, principal
component analysis, and auto-encoders. They are described in
more detail as follows.
4.1.1 Pearson correlation
Pearson's correlation or Pearson's correlation coefficient
ES Mater. Manuf., 2021, 14, 20-35 | 25
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Fig. 3 The schematic of the variation auto-encoder.[50] It learns a low-dimensional representation in the latent space from the
original canonical synthesis vectors.
accounts for the linear relation between two random variables. combinations, and the second PC suggests the most variability
It is defined as follows.
among the rest combinations and so on. Therefore, the PCs of
a dataset can provide the best linear approximations to it. The
𝑐𝑜𝑣(𝑋,𝑌)
𝜌𝑋,𝑌 =
(2)
𝜎𝑋 𝜎𝑌
steps of conducting PCA are listed below.
where the cov( ∙) represents the covariance of random • Standardize data.
variables X and Y, and 𝜎𝑋 , 𝜎𝑌 are the standard deviation of the • Create covariance matrix for eigen-decomposition.
random variables. In the field of machine learning, Pearson's • Calculate eigenvalues of eigenvectors of the covariance
correlation is widely used for feature selection, where a
matrix to identify principal components.
positive near 1 value indicates that the two variables are highly • Select the optimal number of principal components.
linearly correlated and thus one can be taken out when fitting More details of performing PCA can be found in a tutorial.[47]
a machine learning model to prevent overfitting and PCA has been applied in TE material machine learning studies
computational cost. In addition, Pearson's correlation to reduce model input dimensions. In the study of predicting
coefficient can be obtained between the material descriptors the force constants, Roekeghem et al. utilized PCA to
and desired properties, showing the predictive power of the transform the original descriptors and selected the first 10 PCs
descriptors in linearly predicting the target. In a study using as the regression model input.[48] Wagner et al. adopted PCA
linear regression to predict the material power factor,[46] a to transform highly correlated mode features and used the first
positive Pearson's correlation coefficient was obtained 3 PCs to predict high-temperature Perovskites with decision
between the power factor and both electronic band gap and trees.[49]
carrier effective mass.
4.1.3 Auto-encoders
4.1.2 Principal component analysis
As an unsupervised learning method, serving the same
Principal component analysis (PCA) is a common linear purpose as PCA, auto-encoders are widely used to transform
dimension reduction technique used in transforming input the original feature vectors to a lower-dimensional one, called
features to a new coordinate so that one can reduce the number the latent vector. Auto-encoders extract high-level
of predictors while preserving most of the original information. representations of the original features via training a neural
PCA takes linear combinations of the original features to form network where the dimensions of the input and output layers
principal components (PCs), which capture the most possible are the same. The objective of training an auto-encoder is to
variance. The first PC is the linear combination of the original minimize the error of network output to its input. Fig. 3 shows
features, containing the most variability out of all the possible the schematic of a variational auto-encoder used in
26 | ES Mater. Manuf., 2021, 14, 20-35
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compressing the material sparse synthesis representations into
lower-dimensional space. Auto-encoders have the advantage
of being able to transform the original feature vectors in a nonlinear manner. Kim et al. used a variation auto-encoder (VAE)
to map 30 canonical material features to 10 latent variables in
the latent space,[50] and then utilized the trained VAE to
generate potential synthesis parameters sets for virtual
material screening.
4.2 Regression
The majority of the work on using machine learning models in
the TE material field is regression. Regression models are the
ones that output continuous real values given the input. The
regression models represent the relationship between a single
or multiple independent variable that can be quantitative or
categorical and dependent variables that are quantitative. In
the field of TE materials, researchers have been adopting welldeveloped regression frameworks to predict desired material
properties, such as Seeback coefficient, figure of merit,
thermal conductivity, etc, using well-curated and selected
material descriptors. The regression models can be generally
put into two categories: classic statistical learning models
which are usually based on classic statistical learning theories,
and deep learning models which are mainly based on neural
network theories. This section is organized into two parts: the
classic statistical learning and deep learning models.

Review article

output dependent variable, or the linear relationship is a
reasonable approximation. Under this framework, the input
variables can be the original quantitative or categorical values,
such as the material descriptors, as well as the transformation
of the original values such as log, square-root, polynomials, or
other transformations. The parameters in Equation (3) are
estimated by ordinary least square (OLS) which is minimizing
the squared error, shown below.
min ∑𝑁
𝑖=1(𝑦𝑖 − 𝑓(𝐱 𝐢 ))
β

2

(4)

where N is the number of instances in the training data, 𝑥𝑖 is
the feature vector of the ith instance, and 𝑦𝑖 is the true value
corresponding to the ith instance. Minimizing Equation (4) to
estimate the parameters is equivalent to solving a normal
equation, shown in Equation (5).
β̂ = (X T X −1 )X T 𝑦
(5)
where X is the feature matrix and Y is the true target vector.
Although the basic form of linear regression is simple and
useful in many scenarios, it can lead to overfitting when the
learned parameters to some variables are unrealistically large
fitting the training data but failing to match the unseen data.
To address the high variability of the model, shrinkage
methods can be used. The most commonly used regularization
techniques are ridge regression and Lasso regression. Both
ridge (Equation (6)) and Lasso regression (Equation (7)) add
penalty terms, of which the amount is controlled by 𝜆, to the
OLS, limiting the magnitude of parameters to mitigate
overfitting. While in ridge regression the model encourages
small parameter magnitude using L2 norm, in Lasso
regression the model encourages 0 values using L1 norm.
Estimating the parameters in all three models can be done by
solving the linear systems when the feature matrix is invertible.
An alternative is to adopt gradient-based optimization
techniques such as stochastic gradient descent to minimize
Equation (4), (6), and (7) regardless of the feature matrix's
invertibility.
2
𝑁
2
min ∑𝑁
(6)
𝑖=1(𝑦𝑖 − 𝑓(𝐱 𝐢 )) + λ ∑𝑖=1 β𝑗

4.2.1 Classic statistical learning methods
The classic statistical learning models, sometimes referred to
as machine learning models (as opposed to deep learning) in
general, are models that take a certain formulation based on
statistical learning theories, where the model forms have been
pre-determined. In a typical regression setting, the models
tend to learn the underlying relations from outcome
measurements, which can be quantitative or categorical.
Compared to deep learning models which will be discussed in
the second part of this section, the statistical learning models
are easy to interpret due to the hypotheses the models are
β
2
based on. Among the current studies of using statistical
𝑁
min ∑𝑁
(7)
𝑖=1(𝑦𝑖 − 𝑓(𝐱 𝐢 )) + λ ∑𝑖=1 β𝑗
β
learning methods to predict TE material properties, linear
In the forms of applying linear regression models to TE
regression, tree-based models, Gaussian processes, and
support vector regression are most commonly used. In this materials, one can treat the material descriptors and their
section, we describe each of the algorithms in detail and transformations as the input independent variables and the
discuss the advantages and disadvantages of those techniques. desired material properties as the output dependent variable.
Wang et al. conducted linear regression analysis on predicting
power factors of sintered powders and discovered that power
4.2.1.1 Linear regression
A linear regression model assumes the regression function is factor is positively correlated with the electronic band gap and
linear in terms of the input variables 𝑋1,…,𝑋𝑝 , which can be carrier effective mass.[46] van Reokeghem et al. embedded the
the input material descriptors. The basic linear regression linear regression model in a material discovery scheme where
they utilized PCA-transformed features to predict force
model has the form of:
constants of semiconducting oxides and fluorides with cubic
𝑝
𝑓(𝑥) = 𝛽0 + ∑𝑗=1 𝑋𝑗 𝛽𝑗
(3) perovskite structures at various temperatures.[48] de Jong et al.
where 𝛽0 is the learned bias term and 𝛽𝑗 is the learned weight constructed polynomial feature basis from composition and
corresponding to 𝑋𝑗 . The linear models assume a linear structural descriptors, and conducted Lasso regression with
relationship between the input independent variables and the gradient boosting to predict elastic bulk and shear moduli of
© Engineered Science Publisher LLC 2021
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Fig. 4 Visualization of the decision tree regression model from[54] predicting thermopower of spin-driven TE effect materials.
The model splits the data based on certain features, namely spin angular momenta 𝑆𝑅 , orbital angular momenta 𝐿𝑅 , lattice
mismatch ∆a, and atomic weight 𝑛𝑅 . Features with more importance in predicting thermopower appear at upper levels close
to the root. The leaf nodes output the mean values in the training data of such splits.
polycrystalline compounds.[51] They further used the welltrained model in screening superhard materials. Miller et al.
explored the application of the linear regression model among
other methods, for predicting carrier concentration range of
diamond-like semiconductors.[52] Li et al. used Kernel Ridge
Regression to predict the decomposition energy given the
composition ionic radii and validated the trained model on the
experimental perovskites formability.[53] The success of the
regression model demonstrated the machine learning methods
applied on DTF-calculated data can guide the experimental
engineering of stable perovskites. Iwasaki et al.[54] used elastic
net and quadratic polynomial lasso regression to predict the
thermal power (Fig. 4).
Linear regression models are simple and easy to interpret,
thus researchers should consider using them when first
applying machine learning techniques to a specific regression
problem. However, the assumption of a linear relation between
the input features and output target only holds in limited
scenarios. For TE materials where the input descriptors and
material properties have complex non-linear relations, the
models that can capture the non-linearity should be
investigated. In the following sections, we discuss tree-based
methods, Gaussian processes, support vector machines, and
neural networks which are commonly used non-linear models.
4.2.1.2 Tree-based models
As supervised learning models, tree-based models are nonparametric and can be used for both regression and
classification. They can capture the non-linear relations
between the predicting and target variables by splitting the
data on certain feature values according to some conditions in
28 | ES Mater. Manuf., 2021, 14, 20-35

a nested way. The idea behind each split is to create more
homogeneous datasets within each split, where the target
values within the split are more similar to each other than they
are before the split. Thus, the conditions that are used for data
splitting are determined by the potential homogeneity of target
values.
In a regression task, the tree-based model will search
through each distinct value of every feature, starting with the
entire dataset, finding the feature and split value, and then
partition the data into two subsets (𝑆1 and 𝑆2 ) such that the
overall sum-of-square errors are minimized. Due to this
mechanism, tree models can be used to determine the feature
importance, since the most influential feature would be the
first to split data on.
𝑆𝑆𝐸 = ∑𝑖∈𝑆𝑖(𝑦𝑖 − 𝑦̅1 )2 + ∑𝑖∈𝑆2(𝑦𝑖 − 𝑦̅2 )2
(8)
One of the biggest problems that decision trees have is
overfitting. A single tree tends to overly fit the training set,
causing poor generalization on unseen data. To address this
problem, ensemble methods can be used, such as random
forest[55] and gradient boosting trees.[56]
Being nonlinear and non-parametric, tree-based regression
models have many advantages. Firstly, tree-based models have
excellent interpretability that decisions are made based on
features in a certain order and their values. Secondly, treebased models can deal with both categorical and continuous
input features naturally, requiring minimal data preparation.
And finally, while tree-based models can capture complex
non-linear relationships lying within the input-output pairs,
they can automatically reflect the importance of input features.
Therefore, tree-based models are widely used in predicting TE
material properties from material descriptors. Carrete et al.
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adopted random forest regression to predict lattice thermal
conductivity for half-Heusler compounds based on the
chemical, compound, and specific thermal conductivity
information.[57] They further used the trained regression model
to screen the thermodynamical stability. Gaultois et al. trained
a random forest model to use the information contained in the
periodic table to predict the Seebeck coefficient, thermal
conductivity, electrical resistivity, and band gap.[58] Also, the
developed model successfully suggested an experimentally
viable new compound from true chemical white space, which
demonstrated the potential of using machine learning
techniques to guide material discovery and design.
Furmanchuk et al. utilized random forest to predict the
Seebeck coefficient of crystalline materials, achieving fast
property prediction for experimentally synthesized
materials.[21] In addition to the linear model, Miller et al. used
the random forest for predicting the carrier concentration
range and dupability of diamond-like semiconductors.[52]
However, the random forest did not outperform the linear
model for this task. Wu et al. used regression tree ensembles
of LSBoost to predict the interfacial thermal resistance
between two materials with curated physical, chemical, and
material property descriptors.[59] The ensemble model
achieved a coefficient of determination (𝑅 2) of 0.919 with all
descriptors and 0.907 with only property descriptors and
thickness. Along with the implementation of the elastic net and
quadratic polynomial Lasso regression under the framework
of linear models, Iwasaki et al. also employed a decision tree
regression model to predict the thermopower.[54] The model
was able to help explore the fundamental physics of the spindriven TE effect and improve materials with these effects.
Wang et al. investigated the predictive power of the random
forest regression model to estimate the figure of merit (ZT) of
hot-extruded
Cux Bi2 Te2.85+y Se0.15
TE
materials.[60]
Tree-based models are simple to understand, able to model
the non-linearity in the data, and can deal with both continuous
variables. Nevertheless, there are a few drawbacks to treebased models. Due to the way of growing the trees, tree-based
models are sensitive to changes in training sets and thus are
prone to overfitting, having relatively low bias but high
variance. In addition, training an effective tree-based model
requires a large amount of data since the tree-based models are
not bounded by any assumption. Lastly, in a regression task,
tree-based models return the average values of the data in the
training set on leaves, making them relatively inadequate for
predicting continuous values.
4.2.1.3 Gaussian process
Gaussian processes (GPs) are supervised learning models
widely used in regression problems. Different from the
techniques mentioned in the previous sections, Gaussian
process regression models could innately quantify the
prediction uncertainty. Gaussian processes assume that the
distribution over the function values at an arbitrary and finite
set of points is jointly Gaussian. More specifically, let
© Engineered Science Publisher LLC 2021
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𝐱 𝟏 , … , 𝐱 𝐢 be a set of values of the variable vector x, and
𝑓(𝐱 𝟏 ), … , 𝑓(𝐱 i ) the function values at these points. The
distribution 𝑝(𝑓(𝐱 𝟏 ), … , 𝑓(𝐱 i )) is a multivariate Gaussian
with mean 𝜇(𝐱) and covariance ∑(𝐱) . The covariance is
calculated by Ʃij = κ(𝐱 𝐢 , 𝐱 𝐣 ), where 𝜅(∙) is a positive definite
kernel function. The kernel function measures the similarity
between two data points which would reflect on the similarity
between the function values of these points. In general, a GP
defines a prior over functions that can be converted to a
posterior over functions after incorporating the observed data.
In a regression setting, let the regression function prior be a
GP, denoted by:
𝑓(𝐱) ∼ 𝐺𝑃(𝑚(𝐱), 𝜅(𝐱, 𝐱 ′ ))
(9)
′)
where 𝑚(𝐱) is the mean function and 𝜅(𝐱, 𝐱 is the
covariance function:
𝑚(𝐱) = 𝐸[𝑓(𝐱)]
(10)
′)
′ ))𝑇
𝜅(𝐱, 𝐱 = 𝐸 [𝑓(𝐱) − 𝑚(𝐱)(𝑓(𝐱) − 𝑚(𝐱
]
(11)
With observed data points X, the process defines a joint
Gaussian
𝑝(𝑓|𝑋) = 𝒩(𝑓|μ, 𝐾)
(12)
where 𝐾𝑖,𝑗 = 𝜅(𝐱 𝐢 , 𝐱 𝐣 ) , and 𝜇 = (𝑚(𝐱 𝟏 ), . . . , 𝑚(𝐱 𝐧 )) . Like
many other techniques, GPs could capture the non-linearity
within the data. In addition, GPs use Equation (12) to make
predictions on unseen data points. Since the prediction is a
distribution, it can automatically quantify the uncertainty of
the prediction, producing both mean and standard deviation.
This property has a great advantage over the aforementioned
models when the quantified prediction uncertainty is preferred.
Another special property that GPs have is that based on the
observed data, GPs produce a posterior distribution over the
regression function, interpolating every training data point,
making sure that the learned function is bound to satisfy the
observations. This is different from other methods where the
learned regression function aims to minimize the average error
between the function values and the observed data points.
These special properties of GPs have made them popular in
many data-driven applications, including TE materials. Zhan
et al. adopted a GP regression model to predict thermal
boundary resistance (TBR) with a dataset that had
experimentally measured TBR as the training set.[61] The GP
regression model had the best predictive power for TBR
among other reported methods and helped identify the
importance of film thickness in predicting TBR. Juneja et al.
aimed to evaluate the log-scaled lattice thermal conductivity
using a GP regression model based on simple descriptors,
which included maximum phonon frequency, integrated
Gruneisen parameter, average atomic mass, and volume of the
unit cell.[62] In this study, the GP regression model achieved
much superior performance to the Slack model, having a small
root mean square error of ~ 0.21. The success of the machine
learning model in predicting lattice thermal conductivity
indicated a reliable and accelerated search for a multitude of
low and high thermal conductivity materials. In the previously
mentioned work, Wu et al. also utilized the GP regression
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model to predict the interfacial thermal resistance, achieving
the second-best performance among reported models.
GP regression models are powerful in learning underlying
mappings between input and output data, quantifying
uncertainty, and having fair interpretability. However, a good
GP model often requires the proper choice of the covariance
function, which needs a certain level of domain-dependent
expertise. Furthermore, GP models are computationally
expensive and suffer greatly from the curse of dimensionality.
In predicting TE material properties, a large number of
descriptors are often used, making GP models less a suitable
choice for training an effective and efficient model.
4.2.1.4 Support vector regression
Similar to linear regression, support vector regression (SVR)
models use a linear function to approximate the regression
function as defined in Equation (3). However, instead of
minimizing the squared error as in the linear regression
framework, which can be greatly influenced by just one
observation that falls far from the overall trend, SVR aims to
the so-called 𝜖 -insensitive loss function, shown in Equation
(13). The motivation behind SVR is to minimize the effect of
outliers on the regression equation. A threshold 𝜖 is used in
taking into account the error contribution from the data points,
where the data points with residuals within this threshold do
not contribute to the overall loss.
0
𝑖𝑓 |𝑦 − 𝑓(𝐱)| < 𝜖
𝐿𝜖 (𝑦, 𝑓(𝐱)) = {
(13)
|𝑦 − 𝑓(𝐱)| − 𝜖
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
To estimate the model parameters, SVR also adds a penalty
term. Thus, the complete objective function is denoted by
Equation (14).
2
1
𝐽 = 𝐶 ∑𝑛𝑖=1 𝐿𝜖 (𝑦, 𝑓(𝐱)) + ||𝛽||
(14)
2

One can show that for a data point, the prediction function is
𝑓(𝐱) = 𝛽0 + ∑𝑖 𝛼𝑖 𝐱 𝐓𝐢 𝐱
(15)
The dot product can be replaced by a kernel function
к(𝐱𝐢 , 𝐱), representing the dot product in higher dimensions,
and thus capturing the non-linear relations within the data.
SVR models are highly flexible and relatively robust against
outliers. By the different choices of the kernel functions, SVR
can perform both linear and non-linear regression tasks. In the
application of predicting TE material properties, SVR
presented good performance while maintaining efficiency.
Along with generalized linear regression, Gaussian process,
Zhan et al.[61] also employed SVR to predict the thermal
boundary resistance and achieved the best comparable results
with the GP regression model. In the work of predicting
interfacial thermal resistance[59], Wu et al. used SVR with
radial basis function (RBF) kernel-based on physical,
chemical, and material properties. However, SVR produced
inferior results to LSBoost and GP regression models. Wang
et al. trained an SVR model on the experimental data to predict
ZT and achieved good performance on the testing set.
SVR models have a few shortcomings. The choice of the
kernel function when applying SVR to a non-linear problem is
30 | ES Mater. Manuf., 2021, 14, 20-35

rather important. Similar to GP regression, there is not a
universal optimal kernel function and the choice should be
depending on the data. While the RBF kernel has been shown
to be very effective, it would have worse performance than the
linear kernel when the underlying problem is linear. In
addition, as a more complex model, SVR has more hyperparameters that cannot be updated via learning from the data.
4.2.2 Deep learning
Deep learning methods, different from the classic machine
learning techniques, are based on neural network theories,
where operations can be represented by connected neurons.
Based on the universal approximation theorem,[63] artificial
neural networks are adequate estimators for any functions.
Instead of using a large number of neurons in a single layer to
capture complex mapping within the data, multiple connecting
layers of neurons could address the intractability problem
while maintaining performance. Besides the ability of
capturing sophisticated mappings, deep learning methods can
learn multiple levels of representations of the original input
data, which are obtained by non-linear modules transforming
the representation one level at a time.[64] The representation
learning ability allows the rawest form of data and does not
require much feature engineering and selection. In the
application of TE materials, the feed-forward fully connected
neural networks (FCNN) are mostly used. FCNNs are
composed of multiple layers of neurons with an input layer, a
few hidden layers, and an output layer, where neurons in one
layer are connected with the neurons in successive layers.
Between layers, a matrix multiplication operation takes place,
assigning a weight to each input feature. Each neuron then
outputs the summation of weighted feature values and sends
them to a non-linear activation function. The output of the
activation function is further sent to the next layer. The
activation function is responsible for activating the neuron and
introducing the non-linearity in the model. A schematic of an
FCNN is shown in Fig. 5.
Due to the flexibility and predictive power of the FCNNs,
and the natural form of material descriptors, these networks
are used to predict TE material properties. Kolb et al. used
FCNNs to develop PROPhet that could find complex and nonlinear mappings between sets of material or system
properties.[65] This framework could also be used to generate
density functionals for system properties or potential energy
surfaces. Miller et al. compared the performance of the FCNN
with linear regression and random forest to predict the
dopability range.[52] In the work of predicting thermopower,[54]
an FCNN was used to map 4 descriptors to the output
thermopower value with hyperbolic tangent and sigmoid
functions as activation. Want et al.[60] used a fully connected
network to predict ZT.
Despite the advantages deep learning has over the classic
machine learning models, it is often over-parameterized and
thus requires a huge amount of data to be able to learn a
reasonable mapping that generalizes well. This imposes an
© Engineered Science Publisher LLC 2021
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Fig. 5 A schematic of a general fully connected neural network. It consists of an input layer, one or more hidden
layers, and an output layer. A weight is assigned to each connection between nodes in different layers. At each
node, a summation operation and an optional activation function are placed.
𝑆𝑆
important constraint when applying deep learning methods to
𝑅 2 = 1 − 𝑆𝑆𝑟𝑒𝑠
(16)
𝑡𝑜𝑡
predicting material properties because of the data scarcity and
2
2
data sparsity. In addition, the interpretability of deep learning where SSres = (y – f(𝐱)) and SStot = (y – y̅) being the
2
models is poor, due to the lack of pre-defined model form and mean of the true target values. 𝑅 has the interpretation of how
much variation lying in the true target values can be explained
complex hierarchy of layers and neuron activation.
by the regression model, resulting in an advantage of which
the model performance in terms of 𝑅 2 is clear and
5. Evaluation Metrics
Evaluating and comparing trained machine learning models straightforward regardless of the target range. However, this
2
for real applications are important, and it usually depends on very advantage could cause problems when using 𝑅 to
the specific application requirement. For regression models, evaluate a regression model performance. Based on the
2
there are various ways of quantifying the goodness of fit, definition, 𝑅 is dependent on both the sum of squared error
among which differences sometimes are significant enough to and variance in the target values. Thus, it is possible to high
2
yield opposite conclusions. In this section, we describe the 𝑅 with a poorly performing regression model while the target
commonly used regression model evaluation metrics found in variance is large. Conversely, if the target variance is small, a
2
the existing TE material machine learning literature and state well-performing model could still result in a small 𝑅 , which
might imply the opposite conclusion. Besides, while using 𝑅 2
the proper situations of usage.
is convenient to compare the performance of multiple
𝟐
regression models, it does not reflect the measure of predictive
5.1 𝑹
2
Coefficient of determination ( 𝑅 ) is one of the most errors. The predictive errors are important in determining
commonly used metrics to evaluate the goodness of fit of a whether the regression model meets a certain accuracy
regression model. It was used for thermoelectric material requirement for specific tasks. Therefore, a better practice of
2
machine learning model evaluation and comparison in many using 𝑅 to evaluate models is to combine other regression
studies.[21,53,59,60,62] It depicts the proportion of the variance in metrics to avoid these pitfalls.
the true target values that can be explained by the regression
model. The range of 𝑅 2 is from 0 to 1 but the values of 𝑅 2 can 5.2 RMSE
exceed 1 or be less than 0 when the model fits the data worse The root mean squared error (RMSE), as a measure of the
than a horizontal hyperplane, depending on the way of predictive errors, indicates the standard deviation of the
calculating. The most widely used formula to get 𝑅 2 is shown residuals. It is defined in Equation (17)
∑𝑁 (𝑦 −𝑓(𝐱 ))2
in Equation (16).
𝑅𝑀𝑆𝐸 = √ 𝑖=1 𝑖𝑁 𝐢
(17)
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where N is the number of data points used for model
evaluation. RMSE has the same scale as the original target
values and bears the physical dimensions. A smaller RMSE
implies better regression model performance. This metric was
widely used in the current literature[21,53,54,59,61,62] in comparing
machine learning regression models. Different from the mean
absolute error (MAE) which accounts for the averaged
deviation of the model predictions from the true target values
and will be talked about in the following section, RMSE is
based on the squared point distance measure and arithmetic
mean aggregation, which can be interpreted as the standard
deviation of errors. Due to the square, same as in using mean
squared error (MSE), the contribution of model prediction
errors is not uniform, where larger errors have a relatively
greater effect on the metric value. This can result in a
misleading conclusion about model performance over the
lower end of target values when the model makes a small
magnitude of prediction error but having a high percentage
error. Thus, RMSE or MSE can be used when there is an
emphasis on using large errors to discriminate regression
models.

and the variation that lies within the target values. Therefore,
RAE is suitable for comparing models that serve the same task.

5.3 MAE
The most natural way to measure the goodness of fit for a
regression model is to calculate the prediction residuals.
Nevertheless, the mutual cancellation of the positive and
negative residuals can lead to seemingly good performance
while the model makes inaccurate predictions. To address this
issue, mean absolute error (MAE) can be adopted. It is defined
in Equation (18).

6. Conclusions
This paper set out to review the recent progress in machine
learning regression aided thermoelectric materials discovery.
Learning from the relation between thermoelectricity and
materials features, the machine learning technique can provide
a powerful thermoelectric material discovery tool with respect
to new chemical composition, nano-structural design,
stoichiometry optimization, etc. This newly obtained
information could be further utilized to enrich the
thermoelectric database and improve the performance of the
machine learning model training. The active learning
approach is recommended for further exploration. The
presented working structure can serve as a trusty reference for
applying the AI-guided data-driven approaches in
thermoelectric material discovery. Since most relevant studies
were limited to using the machine learning technologies to
explore and design materials with excellent thermoelectricity,
other merits which are equally important, such as non-toxic
and earth-abundant are suggested to be considered as the
additional output of thermoelectric discovery tool. The
presented work logic can also be utilized when developing the
material discovery tool for properties other than
thermoelectricity, such as photovoltaic, piezoelectricity, etc.
More information on the fundamental correlation between
machine learning algorithms and material science will help
establish a greater degree of functionality on this matter. With
the extraordinary contribution from the platform of opensources tools and publicly available databases, the machine
learning-aided approach has a great potential to revolutionize
materials discovery.

∑𝑁 |𝑦 −𝑓(𝐱 )|

𝐢
𝑀𝐴𝐸 = 𝑖=1 𝑁𝑖
(18)
MAE only considers how much the prediction deviates
from its true value regardless of over- or under-prediction. It
preserves the same units/scale of the observations and is easily
interpretable. Unlike in the squared error-based metrics, the
error contribution to MAE is proportional to its magnitude.
Therefore, MAE is a more appropriate choice when small and
large errors are considered equally important. Thanks to its
outstanding interpretability, MAE was used in evaluating the
performance of machine learning regression models in
predicting TE material properties.[52]

5.4 RAE
RAE stands for relative absolute error which is defined in
Equation (19).
𝑀𝐴𝐸 =

∑𝑁
𝑖=1 |𝑦𝑖 −𝑓(𝐱 𝐢 )|
∑𝑁
̅|
𝑖=1 |𝑦𝑖 −𝑦

(19)

Same as in MAE, RAE uses the absolute error as the point
distance measure. However, instead of providing the value
with the same units and physical meaning as MAE, RAE
measures the ratio of the errors made by the regression model
to the errors made by a trivial model. A good performing
regression model is expected to have RAE close to 0. The
magnitude of RAE depends on both model prediction error

32 | ES Mater. Manuf., 2021, 14, 20-35

5.5 RSE
While RAE uses absolute error to be the point distance
measure, relative squared error (RSE) uses squared error,
putting more importance on the contribution made by large
errors. It is defined in Equation (20).
𝑅𝑆𝐸 =

2
∑𝑁
𝑖=1(𝑦𝑖 −𝑓(𝐱 𝐢 ))

∑𝑁
̅)2
𝑖=1(𝑦𝑖 −𝑦

(20)

RSE, similar to RAE, returns a ratio that represents the
proportion of squared model prediction errors in the total sumof-squares of the target value. Due to the squared point
distance measure, RAE is more sensitive to large errors, and
therefore can be used in evaluating models when large errors
are more important to avoid.
The choice of evaluation metrics for regression models is
largely dependent on the problem and there is not a universally
best metric. Thus, before adopting any evaluation metrics, one
should have a clear picture of what aspect is more important
in using the regression model.
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